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Abstract.

The problemof therelation betweenGeometryand Physicshas been
the object of extensive discussions, through the present century, by
mathematiciansphysicistsand philosopherf science who have consideredhe
possibilityto decidewhich geometrycorrespondso physicalspace with respecto
the GeneralTheory of Relativity. At first sight, the Special Theory of Relativity
seemdo beindependentrom this problem.

In this debate,which made referenceto Poincaré'sphilosophy of
Geometry Einsteinhasbeendirectly involved. Although he concludespositively
aboutthedecidabilityof Geometry heis not a rejoinderof empiricism.He himself
invokes frequently Poincaréin his argumentsagainstempiricists, in particular
Poincaré'slleged'indissociabilitybetweerGeometryandPhysics",which sounds
like Poincaré'sndissociabilitybetweerspaceanddynamicscontraryto Einstein's
separatiorof kinematicsfrom dynamicsin SpecialRelativity. It is thustemptingto
comparehis own positionto Poincaré'sone beforeandafterhis elaborationof the
GeneralTheory of Relativity. We would like to know, in particular, whether
Einstein'sconceptiorof therelationsbetweerGeometryandPhysicshasdrastically
changedwhen he has passedfrom Special to General Theory of Relativity,
adoptinghenceaftetheessentiabf Poincaré'sonceptiorwhich he did not shareat
thetime of SpecialRelativity.

Thisinquiry hasledusto areevaluatiorof Poincaré'sonceptionof the
relationbetweerGeometryandPhysics guiteatvariancewith thereceivedview. It
alsohasledusto considelagaintheproblemof why Poincar&id not fully develop
SpecialRelativity aswe now understandt, i.e. in Einstein'ssense,andto show
evidencefor a stronginfluenceof his conceptionof Geometrywhen dealing with
classicalndrelativisticMechanicsFinally we showwhathasbeenactually- in our
view - the evolutionof Einstein'sthoughtconcerningthe relationsof Physicsand
Geometry,which is indeedan adaptationof his previousimplicit conception,at
work with Special Relativity, to the requirementsof the general theory. This
adaptationrevealedto him the complexity of a problem he had considered
previouslyin asimplified way, andmadehim consciouof thewell-foundednessf
iImportantaspect®f Poincaré's€onceptionswhich he translatedthenadaptedfor
theuseof his own physicalthinking.

Résumé.

Le problemedesrelationsentrela géométrieet la physiquea fait I'objet
denombreusediscussionstoutau long de ce siécle,entreles mathématiciendes
physicienset les philosophesdes sciences Ces discussionstaientcentréespour
I'essentieburle problemede la décidabilitéexpérimentalale la géométriec'est-a-
diresurla possibilité,ou non, dedéciderde la géométriequi corresponda I'espace
dumondephysique enprenantnconsidératioda théoriede la Relativité générale.
LaRelativitérestreintesemblea premierevueresterétrangere ceprobléme.

Einsteina pris directemenparta cedébat,danslequella philosophiede
la géométriede Poincaré&taitfréquemnentinvoquée.Lui-mémey faisait volontiers
référence: tout en concluanta la possibilité de décider expérimentalementle la
géomeétriedu mondephysique,il s'opposaita I'empirismeet reprenait,dansson
débatcontre ce dernier, des argumentsrapportésa Poincaré,comme celui de
I""indissociabilitéde la géométrieet de la physique".Cettedernieren’'estpas sans
rappelerl'indissociabilitéde I'espaceet de la dynamique gui marquentl'approche
delaRelativitéparPoincaréaucontrairede la séparatiorde la cinématiqueet de la
dynamiqueopérégarEinsteinpour parvenira sathéoriede la Relativité restreinte.
Il était tentantde comparersa propreposition, avantet apresson élaborationde la
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RelativittgénéraleacelledePoincaréll seraitinté&essantle savoir, en particulier,
si la conceptiond'Einsteinsur les relations entre la géométrieet la physiquea
radicalementchangéguandil est passéde la Relativité restreintea la Relativité
générales'alignantpuremenetsimplementapréscette derniere sur la positionde
Poincaréalorsqu'il endifférait al'époquedela Relativitérestreinte.

Cette enquétenous a conduit a remettreen questionla description
généralemeradmisadesconceptiongle Poincaréurlesrapportsentrela géométrie
etla physique Nousavonségalemeng&téamenéa reprendrde problémede savoir
pourguoi Poincarén'a pas développédans toutes ses implications la Relativité
restreintetelle quenousla comprenongujourd'hui c'est-a-direau sensd'Einstein,
etametre enévidencea cetégardl'influencede sapenséeale la géométriesur des
problémegpourtantaussidifférentsennaturequeceuxdela mécaniqueglassiqueet
relativiste.

Enfin, quanta I'évolution effective de la penséed'Einstein sur les
rapportsdela physiqueetdela géométrienousmontronscommentelle consisteen
une adaptationde sa conceptionimplicite lors de I'élaborationde la Relativité
restreinteauxexigenceslelathéoriedela RelativitégénéraliséeCetteadaptationui
fit unenécessé de prendreen comptela complexitédu problémequ'il avait pu (et
mémedQ) simplifier pour la premierethéorie,lui faisantvoir en mémetempsle
bien-fondée certainsaspectamportantsdesconceptiongle Poincaré quedeslors
il traduisit,puisadgta, danslestermeslesaproprepenséaela physique.
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1. INTRODUCTION.

Theadvenof GeneraRelativity hasbeenthe occasiorof a renewalof
the debate among mathematicians,theoretical physicists and philosophersof
science,about the relations between Geometry and Physics, with particular
emphasisto the problem of the possibility of deciding which Geometry is
appropriateo therepresentationf physicalspace.Takingasidethe conceptionsof

neo-criticistsas expoundby Cassiref , the two most significant positionsfacing
eachotherwerethatof logical positivismandempiricismasnotablyrepresentedby

CarnapandReichenbach andthatof critical realismandrationalismas advocated

by Einsteir?. In essencethe argumentswvere partly borrowedfrom thosewhich
arose when non-euclideangeometriescame to the forefront in the field of
mathematicsheingadaptecandsomewhamodifiedto takeinto accountthe kind of
evidencefor the physicalconcernof non-euclideangeometrieswhich originated
from GeneraRelativity.

According to the theory of GeneralRelativity, the dynamicsof the
gravitationfield is broughtby the geometricalstructureof physicalspace.General
Relativity thus appearedas that theory which madepossibleto decide,from its
experimentaltests, what is the geometryof space.In the opinion of many, this
entailedthestrongestefutationof kantiansynthetica priori ; logical positivistsand
empiricists concluded from it to empiricism as the only possible philosophy
henceaftenvhichtheyidentifedas preciselythatphilosophycompulsorilyrequired
by the theoryof Relativity, and more generally by contemporaryPhysics (and

sciencej.

On this philosophical background, Einstein's position sounds
somewhatlifferent.He alsoconcludedo thepossibility of decidingexperimentally
aboutthe Geometryappropriateto physicalspace,but deniedthe statementsof
empiricism,invoking Poincaré'sphilosophy of Geometryas providing decisive
arguments favourof somekind of conventionalismthathelpedhim to advocate,
for the interpretation of the relations between Physics and Geometry, a
philosophicalview whichwe maycharacterizescritical rationalismandrealism.

Herearisesafirst historicaland epistemologicaproblem,relatedto the
more general one of the philosophy that was underlying Einstein's scientific
achievementdn, respectively,Special and General Relativity. The problem to
whichwe shallrestrictourselvesn this respecthroughthe presenpaperis thatof
his conceptionf therelation betweenGeometryand Physicsat thesetwo stages
of his scientific work. He statedexplicitely his philosophyof theserelationsafter
havingelaboratedhe Generallheoryof Relativity ; and,asit is well known, he got
interestedin non-euclideanGeometrieswhen he neededthem to formulate this

1 Cassiren921

2See for instance Carnap 1921, 1924, 1925, Reichenbach1920, 1922,
1928,1949.

3 Einstein1921b, 1949. Seebelow, andalsoPaty1989,andin press.

4 Seethe works of Schlick (1917,1921 a, 1922), and those already quotedof
ReichenbaclandCarnap.
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theory.Thecaseof SpecialRelativity is notso clear,for hedid notuseindeedthose
Geometries,nor did he mention that there was eventually a problem of the
relationshipof GeometryandPhysicswhenhewasre-definingtheconceptof space
(andtime). But, indeed,in sucha re-castingfrom newtonianconceptsanimplicit
conceptiorof thisrelationshipwasatwork. This leadsus directly to his separation
of kinematicsfrom dynamicswhich is at the heart of Special Relativity. An
important feature of Poincaré'sown approachto the electrodynamicof moving
bodiesandto Relativity is, on the opposite,the stronglinking of relative physical
spacendtime (consideredeparatelypne from eachother)with dynamics.We are
thusledagainto Poincaré'sonceptiongboutspaceand aboutGeometry this time
‘a propos’of SpecialRelativity.

Our first problemcanthen be formulatedas follows : did Einstein's
thoughtaboutspace(andtime) andaboutGeometryevoluatefrom an absenceof
concerrfor Geometryandaseparatiorbetweerspaceand dynamics,which would
betypical of his pathto SpecialRelativity, towardsanalmostcompletealinementon
Poincaré'sonceptiorof Geometryandof dynamicalspace(andtime), occasioned
by hiswork on GeneraRelativity ?

A secondepistemologicaland historical problemthus comeson the
forefront,andit in factis twofold : did Poincaré@ctuallythoughtthatGeometryand
Physicsareindissociablein the way that has beengenerally consideredafter the
establishmenof GeneralRelativity, by logical positivistsand empiricistsand by
Einsteinaswell ?i.e., in essencepn the sameground as his indissociability of
spaceanddynamics,thefirst onebeingbut a reflexion of thelastone? And, asa
kind of a corollary : did Poincaré'philosophyof Geometryhavean effect on his
own approacho Relativity, by which, althoughhe developpedhe right behaviour
of relativistic spaceandtime (in the senseof SpecialRelativity), he insisted on
maintainingtheclassicalandabsoluteonesaswell ?

We shall begin by recalling briefly Einstein'sconceptionof physical
Geometryand his call to Poincaré'sviews in his claim for the non empiricist
characterof the decisionfor a Geometryfrom experimentThenwe shall turn to
Poincaré'strue position aboutthe so-called "indissociability of Geometryand
Physics".Next, we shallinquire his approacho relativistic Mechanicsthroughthe
point of view of his philosophy of Geometry.Finally we shall come back to
Einsteinandexaminehis exactconceptiorof the useof Geometryin Physicsat the
time of theSpecialTheoryof Relativity.

2. EINSTEIN'S PHYSICALGEOMETRY AND HIS REFERENCE TGPOINCARE.

Almostimmediatelyafter havingfully developechis theoryof General
Relativity, Einsteinwas led to expoundhis views on the relationshipof Geometry
andPhysics,in orderto makeunderstandhatfundamentapropertyof the theory
whichrelateshespace-timanetricsandthegravitationfield. We shallcomebackin
the last sectionof this paperto some aspectsof the circumstancef his own
commitmentwith the questionof Geometry,occasionedoy his approachof the
generalizatiorof therelativity principle from inertial to accelerateanotions,which
he had relatedthroughthe principle of equivalence(of inertial and gravitational
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masses)with the propertiesof gravitation. At that stage,we shall also inquire
further about the deeproots of his conception of what he called "physical
Geometry", or "practical Geometry". Let us, for the moment, summarizethe
essential of this conceptionas it is when he statedit that Einstein called for
Poincaré'philosophyof Geometry,on which, so he claimed,his own view was

partially based.

"PhysicalGeometry”,or equivalently"practical Geometry",is defined
by him from pure, mathematicalpr "axiomatic Geometry",by "addingto it", or
"completing it with", relations of coordinationthat relate geometricalquantities
(such as, for example, distance)to correspondingquantities consideredfor
“"practically rigid" bodies. The practical Geometrythus constructedthroughthe
"interpretation”of mathematicalgeometrical)quantities applied to theseabstract
andidealizedobijectsis, for Einstein,a kind of a physicaltheory (and indeed, he
said, it has beenthe oldestbranchof physics). It is the theory of an idealized
physicalspace,which he liked to call "spaceof reference"constructedfrom an
abstractionand simplification of physical bodies, these being reducedto the
considerationof their spatial propertiesonly and extendedby thoughtto build a
space.

The conceptof "body of reference”,or of "space of reference”
(abstractedrom thelatter),is so to speaka kind of an intermediatebetweenthe
purelyabstracspaceof mathematicaGeometrywhich is devoidof any connexion
with the material world) and material bodies which are the objects of our
experiencelt is this "spaceof reference"that determinespractical or physial
Geometryas the theory of that space Let us observethatthis object and this
theory are (abstract)constructionf the mind aimed at the descriptionof some
aspect®f physicalreality (namelythepurelyspatialpropertiesof bodies);theyare
not different, in this respectfrom any otherphysicalobjector theory. From this,
Einstein'sanswerto the questionof the experimentaddecidability of the Geometry
of the physicalworld does not differ from his answerto the questionof the
relationsbetweentheoryandexperimentin Physics.Experimenthelpsin choosing
amongvarioustheories,but is in no way the only elementof our decision.His
critical rationalismandrealismwas at variancewith empiricism,evenin its more

sophisticatedogical versonf.

When advocating this conception, Einstein quoted Poincaré's
statementsaaboutthe impossibility of any compulsorydecisionfrom experiment
aboutthenatureof the Geometry. Whateverbe the resultsof our experimentswith
physicalbodies,so Poincarésaid, we shallalwaysbe freeto chooseeuclideanor
any non euclideanGeometry(and, if we want so, to keepeuclideanGeometry).
Einsteinrightly recalledthefirst consideratiorwhichled Poincaréo this conclusion
: Geometryin itself, asamathematicatheory,saysnothingaboutphysicalspaceor
bodies. Then, at the sametime he expoundedhis conceptionof "practical" or
"physical" Geometry", Einstein mentioneda secondconsiderationreferred to

Poincaréwhich he describedas the "indissociability of Geometryand Physics”,
from which it will neverbe possibleto decidefrom physical experimentsfor a

S Einstein1921a, d, 1926,1949,1954, etc.
6 Paty1989,andin press.
7 Einstein1921a
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Geometry appropriate to the physical world, as we can always choose a
modificationof Physicsratherthanof Geometry.

Such has been, since Einstein's 1921 paper "Geometry and
experience"the interpretation of Poincaré'sconception commonly taken for
grantedn the debatewhich opposedhe variouscurrentsin philosophyof science
(neo-criticists,logical empiricists,critical realistsand rationalists) For his part,
Einsteinusedthis conventionalisargumentas an evidencein favour of therational
aspectof theproblem,opposedo theideaof a purely empirical conclusion.But he
departedrom Poincaré'strictly conventionalisposition, by statingthatwe finally
concludeasto the natureof the appropriateGeometry,throughthe choice of an
approximationwhich makesus dissociatein pratice those elementsthat were
indissociablen principle.

It is usefulto considerin more details Einstein's use of the alleged
Poincaré'sargument.Poincaréstated,recalled Einstein, that thereis no such a
thing, in nature,as perfectrigid bodies,bodiesbeingalwaysaffectedby physical
propertiesuchastemperatureglectricandmagneticquantities gtc., which modify
theirgeometricabehaviourThusit is not Geometryalonethatprovidesstatements
on the behaviourof real objects,but Geometry(G) combinedwith the whole of
physicalaws(P) : "It is thesum (G) + (P) alonewhich is submittedto the control
of experimentOne can consequentlychoose(G) arbitrarily, and partsof (P) as
well : all theselaws are conventions.(...) With this conception,axiomatical
Geometryand those laws of natureto which the characterof conventionsis
attributedappear,from the epistemologicalpoint of view, as being of an equal
value". Concludinghis evocationof this allegedpoint of view, Einsteingivesthe
following appreciation "SubspecieaeterniPoincaré'sonceptionis in my opinion
correct”,emphasizinghatactually, theredoesnot exist, in therealworld, objects

correspondingxactlyto theideal standardbjectsof Geometry.

Another formulation of the conception of the indissociability of
Geometryand Physicsas attributedto Poincarécanbe found in Einsein's 1949
"Reply to criticism", where he arguesagainstReichenbachinvoking Poincaré's
argumenthat"verification (...) refers (...) notmerelyto Geometrputto the entire
systemof physical laws which constitute its foundation. An examination of
geometryby itself is consequentlynot thinkable".As a conclusiorwe canchoose
thatGeometrywhichis mostconveniento us(i.e., euclideanGeometry)andfit the

remainingphysicalawsin suchaway asto obtainagreementvith experimerft.

Actually thisis notexactlyPoincaré'gointof view, buta translationof
it madeby Einsteinin his own perspectivethatis accordingto his conceptionof
physical Geometry. For, in Poincaré'sconception, Geometry enters in the
consideration®f Physicsonly throughdefinitions andis not on an equalfooting
with it. The argumentabout physical propertiesof rigid bodies was used by
Poincaréonly with respectto the questionof relativity of space,and of the
possibilityto obtainevidencefor it by measuringpodies.When Poincarénadeuse
of the conceptof standardbject,idealizedas it may be, he was not considering
Geometnbut Physics(to him, therelativity of spaceas a physicalpropertywhich

8 Einstein1921d.
9 Einstein1949,p. 677.
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bodiesoughtto observethroughtheir positionsand directions).As for Einstein,
whenheis referringto standardbjects,heis consideringpractical’ or ‘physical’
Geometryitself, andnotany morethe axiomaticalone. But suchanideawas alien
to Poincaré. We shall see from his texts that Poincaré never related the
consideratiorof thephysicalpropertieof bodiesto acombinationof Geometryand
Physicsconsideredh thatway.

Einstein'sreasoningaboutthe indissociability betweenGeometryand
Physicswhich startedrom thedifferencebetweerpurely mathematicalaxiomatic,
Geometry,andpracticalGeometry appliedto physicalsituations,and considered
thefirst with respecto Poincaré'ssonceptionwas as a matterof fact shiftedfrom
axiomaticto physicalGeometry. We actually get, in Einstein'sdescriptionof the
problem,Gpr+ P, andnotG + P, Gpr standingfor practicalGeometry,andbeing

definedas GeometryG endowedwith relationsof coordinationand congruence
betweerts mathematicatonceptsandidealizedphysicalobjects,suchasto define
for thelatterthenotionof distancePracticalGeometry Gpy, is, aswe saidearlier,

nothing but a theory of the (idealized) physical space obtained through the
idealizationof physicalbodies,i.e. thetheoryof distancedor physicalbodies,as
thoughtindependetly from other physicalproperties.As such,Gpr is a part of

Physicswhichwe couldaswell designatdy Py (i.e., Physicsof distances)if we
were to emphasizéts relation with the rest of physics, Pp: (Physicsof other,
physical,properties) Physicsas a whole being P = Pq + Pp. which is clearly
indissociablen principle (andwhich couldbebettersymbolizedby Py x Pp).

Einstein'sconceptionof physicalGeometry,to which we shall come
backlateron, hasborrowedfrom Poincaré&omethingof his conventionalismbut in
away which hasmodified Poincaré'ssonceptionstricto sensu Einstein'spurpose
was indeedto opposethis partof conventionalismwhich wasin his view also a
claimfor rationalism,to empiricismwhich consideredhatphysicalGeanetrycan
bedirectly inferredfrom experiment.

In his translationof Poincaré'osition,to which we shall turn now,
Einsteinwas possiblyinfluencedby considerationsmadeby Schlickin his 1917
bookonthetheoryof Relativity, concerningPoincaré'ssonceptionof the relativity

of spacéf. Schlick recalled Poincarésconsiderationof a generalmodification of
spatial dimensionsof bodiesoccurringin a given universe,suchthatwe would
haveno meansof beingawareof it, aseverythingin this universewould haveits
dimensionsnodifiedin thesameway ; andhe addedto it a correspondingphysical
transformatioraffectingthepropertie®f really physicalbodies,in sucha way that
theconclusioris thesame butbasedthis time, on a moreplausiblesituationfrom
the physical point of view. Schlick then spoke about the indissociability of
GeometryandPhysicsyreferringit to Poincaré'srgumentation.

10 Schlick 1917. SeePaty (in press,chapter 6). On relativity of space, see
Poincarél898b, 1903a, 1907.
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3. POINCARE'S TRUE CONCEPTION OF THE RELATION BETWEESEOMETRY AND
PHYSICS.

Poincaré'philosophyof Geometry! ashe expoundedt in particular
in hisfamous1891and1895papersvhich constitutetwo chaptersf La Scienceet
I'nypothéseis relatedto consideration®n the physicalworld only in so far as it
showshow the genesisof Geometryis obtainedthroughman'sexperienceof this
physicalorld. It is notin theseexts,butin latercontributions suchasthe chapter

of the samebook entitled "Experience and Geometry*2, that he expressedly
considerghephysicalcharacteof theobjectsto which one relatesGeometrywhen
we wantsto submitit to thejudgemenbf experiment.

True, his previousconsideration®f the genesisof Geometryhad led
him to statethat"the principlesof Geometryarenotexperimentafacts”. Butonly in
thatlastwriting doeshedealin detailwith therelationof Geometry,asa branchof
mathematicsgonsidereds constituted and not throughits genesiswith concrete
physicalobjects.He beginsby making a radical distinction betweenGeometry
considere@gsanaxiomaticsaenceandwhatis relatedwith practical experiment a
distinctionwhich Einstein,to someextent,will maketoo, but with a significant
differencein vocabulary Einsteinwill differentiate axiomatic Geometry,which is
purely mathematical,and practical or physical Geometry which is a physical
sciencewith a simplified object, i.e. a physical object with only geometrical
properties3. Thisapparentlyslightdifferenceis indeedanimportantone, havingto
do with theconstructiorof physicatheory,beit atthe elementarylevel of atheory
of the geometricaldistancef standardobjects(measuringods) or at the more
elaboratedneof thetheoryof GeneraRelativity.

In Poincaré'view, afundamentahspecbf axiomaticGeometryis that
it canbeintegrally translatedrom a systemof axiomsand conceptdo anotherone,
and this property suffers no exception.On the contrary, practical experiment
consideranaterialobjectsfor which we mustalwaysinquire abouttheir relations
with ideal notions, such as, for instance the notion of distance,as they never
coincideexactlywith them.Reasonin@n straightline anddistance he infers from
this that "it is impossible to imagine a practical experimentwhich could be
interpretedn theeuclidearsystemard couldnotbeinterpretedn the lobachevskian
one...".

Furthermoreconsideringa physicalsystemwith respecto the question
of Geometryentailsconsideringthe physicalstateof the bodieswhich constitute
thatsystem(i.e. temperatureglectric quanities and so forth), therelative position
of thosebodies(they are definedfrom their mutual distances),as well as their
absolutepositionandorientationin space.Poincaré'seasonings actually directed
towardthe questionof relativity of space,namely whetherthis one is maintained
when we perform measurementsf distancesbetweenbodies and expresstheir
resultsin termsof one Geometryor another.His conclusionis thatwe nevercan
get outsideof a given interpretative frame : "If the law is true in euclidean

11 Poincarél886,1891,1892,1895, 1898b, 1899, 1902b, 1903a, 1907,1912
aandb.

12 Poincarél 899, includedin chapter5 of Lascienceetl'hypothése

13 Einstein1921b, 1949.
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interpretationjt oughtto betruealsoin the non-euclidearone”. This conclusion
meetsvith whathehadinferredfrom his previousconsiderationgboutthe genesis
of Geometry: as a matter of fact, "experimentsbrings only knowledgeof the
mutualrelationsof bodies; noneof themis, or canbe, aboutthe relationsof bodies

with space pr aboutthemutualrelationsof thevariouspartsof spacet4.

Whenwe speakof the"geometricapropertieof bodies”,for Poincaré,
we canneverpoint at the metrical propertiesof space,and our experimentsnever
dealwith spaceputon bodies.He givesfor this statementhe following illustration
: considersolid bodiesmadeof portionsof straightlinesassembledogether,and
setsof pointstakenon themand put in relation the oneswith the others. It is
possibleo arangetherelative positionsof pointsandrodsin sucha way thatthe
motionof thebodyobeyseuclideargroup; or that,on thecontrary,with a different
arrangementt obeyslobachevskiamgroup.We obviouslywill notconcludefrom it
that these experimentshave shown that spaceis euclideanor lobachevskian.
Experiment has been not on space, but on bodies consideredas mechanical
constructions.And Poincaréconcludesthat our constatationson the respective
positionsof materialbodiesareindependentf themetricalpropertie®of space, and
actuallycanbeperformedwithout any notion of theseproperties our experiments
deal "not on space,but on bodies?>. The so-called geometrical propertiesof
bodiesarenothingelsethanour definitions.

As a result, Geometry, in Poincaré's conception, is completely
disconnectedrom measurablepropertiesof physicalbodies. When he usedto
evoke,in his 1895 paper,therelationsbetwea rigid bodiesand Geometry it was
only for the purposeof showing how rigid bodies are at the origin of the
constitutionof Geometry andtherewould beno Geometrywithout their existence.
But he neverintendedto considera direct and quantitativereldionship, for "the
ideal, absolutelyinvariablessolids" of Geometryare only a simplified image of

naturalsolids, "very far from them™6.

Geometricalspace(as distinct from representativespacewhich is the
spaceof our sensationd) and bodiesare not of the samenature(the first is an
object of the understandingthe other onesare empirical objects),and no direct
relation betweenthem is possible: the conceptof congruenceapplied to the
correspondencletweerthefiguresof Geometryandthoseof solid bodies,which
is oneof thesensesn which Helmholtz usedit, would be, considering?oincaré's
conceptiondevoidof meaningandit is only definitionwhichplaysarole. Indeed,
Poincaré never mentioned ‘congruence’in this sense.When he speaks of
"congruence"jt is alwaysin the senseof the congruenceof geometricalfigures.
For instance,in his 1902 article in which he analyzesHilbert's work On the
foundations of Geometry he invokes congruence as characterizing "the
displacemenof aninvarigblefigure's.

14 Poincarél902a, chapterb.

15 |bid. Actuallythisbringsusto representativepacewhichis preciselythe space
of our sensoriakxperience.

161 Poincarél895.
17 Poincarél891, 1895.
18 Poincarél902b.
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For Poincaré the choiceof a givencongruencewhich correspondso
the choice of a given metric, and definesa given geometry,is a matter of
conventionwhenonewantsto applyit to physicalspace.This ‘conventionalityof
congruence(to useAdolf Griinbaum'svord!®) entailsthepossibilityto choosefor
physicalspacghemetricsonewants,andto reformulateaccordingto an alternative
metric,any physicaltheory. The choiceof analternativemetric is, to him, of the
samenatureasthe choiceof an alternativesystemof physicalunits, and one has,
for that reason, spoken of a "linguistic interdependance'to characterizethe

interdependencef Physicsand Geometryaccordingto Poincaré?.

This expressiorhoweveris misleadingasit seens to consideron an
equal footing thesetwo sciences,when we know that, in Poincaré'sview,
Geometry, once it has been constituted as a mathematicalscience,is totally
independenfrom Physics(thereis no ‘interdependence’but only a ‘one way
dependence’j.e. a dependenceof the physical formulation on the geometrical
definitions). Indeed, Grinbaum, who uses the expression, subsequently
endeavourto showthatsuchan"extremeconventionalismtioesnot correspondo
actual Poincaré'sposition, which he considersto be, on the contrary, that of a

"qualifiedgeometricaempiricist'?!. His thesisis thatPoincaré'strongstatements
in favour of conventionalismarecontextdependentand thathe exaggeratedis
own position, in order to refute both Rusll's and Couturat'sneo-kantismand
Helmholtzempiricism Re-reading?oincarén this perspectiveGrinbaumnvokes
thelatter'suseof theexpression"by a seriesof observations(...) experiencehas
provento me that [bodies'] movementsform an euclidea group, (...) without
having any preconceiveddea concerningmetric Geometry22, He seesin it an
empiricist uttering aboutthe natureof the geometryof space,wherasPoincaré
meansexactly the contrary, as we have seen, precisely, with the example of
systemsof rods endowedwith a mechanicalagencementvhose motion obeysan
euclideanor lobachevskiangroup. Such a behaviourhas to do, as Poincaré
unambiguouslydescribest, not with the spacan which thesebodiesare located,
butwith themechanisnthatrelateshesebodiesbetweerthem.

Grunbaum'sidea, in fact, is that Poincaré'sposition, for which
geometrieareabstracandwithoutrelationwith physicalfacts, are"uninterpreted”,
meetswith thatof logical empiricismin the claim thatthe questio of the truth of
Geometryis a matter of coordinative definitions. According to Grinbaum,
Poincaré'polemicsis againsthe attribution of a factualtruth to congruencevhen
it is in fact a matterof definition. But this is, actually, an interpretationand a
reformulationof Poincaré'shoughtin the termsof a philosophywhich would
come after ; indeed, this later philosophy founded itself partly on some of
Poincaré'sriticism, in particularon thosewhich askedfor a precisedefinition of
conceptsFor Poincaréneverspokeof "interpretedgeometry”,nor of congruence
relatedto definitionsof coordination: suchconceptionsverealiento it.

19 Griinbaun963,ed.1973,p. 119.

20 Grinbauml 963, ibid., p. 119.

21 1bid., p. 129. Emphass is Griinbaum's.

22 Poincarél902b. Emphasiss Griinbaum'sn quotingPoincaré.
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In his 1912 text "Spaceand time3, in which he indicateshow one
definesspacefrom the consideratiorof bodies theselastonesbeingsubmittedto
the"principle of physicalrelativity”, Poincaréspeakdndeedof the transportof a
solidbodyon anotheone, of applicationof asolid bodyon a figure, by which one
candefineby conventiontheequalityof figures,from which Geometryis born. But
this‘congruence{aword hedoesnot usehere)is referredonly to bodiesbetween
them, or to bodieswith figuresthatareimagesof thesebodies,andnot between
bodieson oneside andgeometricalquantitieson the othe. Poincaré&ecallsin this
writing thatGeometrybornfrom theseconsiderationds the study of the structure
of the groupformedby spatialtransformationsi.e. the group of displacement®f
solidbodies: it still hasnot becomea ‘scienceof space’.He insistedagainon the
difference betweenPhysicsand Geometryon evoking the "principle of physical
relativity”, seingin thelatter"an experimentafact” which entailsthe possibility of
its revision, when, on the contrary, "Geometry must be immune from such a
revision". (To preserveGeometryfrom revision, one must raisethe principle of
relativity to therankof areasonableonvention).Let us observeen passantthatif,
relatively to physics, Poincaré holds indeed an empiricism mixed with
conventionalism{which, asaneffect,bestowshim on thatpoint somekinship with
logical empiricism) his positionrelativelyto Geometryis quitedifferent.

Geometry,accordingto Poincaré,doesnot for all thatidentify itself
exactlywith "axiomaticalGeomety"”, to which Einsteinwill referin his conference
on"Geometryandexperiment"considerindpesidest a“physicalGeometry”,asin
Riemannandin Helmholtz.Poincaré&loesnot considera "physicalGeometry"”,but
only Geometry under its mathematical aspet But, to him, even purely
mathematicalGeometrymaintainssomethingwhich is relatedto its origin, to the
operationof the understandingvhich generatedit, and finally to these bodies
whose displacementgives rise to the study of their groups, this study being
properly the object of Geometry. We can at leastinterprete in this way his
dissatisfactionof the axiomatic definition of Geometryas proposedby Hilbert,
whenhepointsout - aswe recalledit earlier- thatthis definition doesnot referto
the "natural concept"of congruenceof figures in their displacementwhich is,
indeed theintuitive imageof thecongruencef bodies.Axiomatic thusfails to get

its postulate®ack"to theirtruepsychologicabrigin'24,

Geometryjf we look carefully a Poincaré'sargumentationis usedin
our descriptionof the physicalpropertiesof bodies,only asa definition (and this
extendshis conceptionof the axiomsof Geometry,which "are nothing elsethan

disguisediéfinition$2).

All whatwe havesaidabaut the differenceof statusbetweenGeometry
andPhysicsis well confirmedby the clear differencePoincaréestablishebetween
a purely (mathematicalscienceas Geometryanda (physical)sciencewhichis as
well theoretical as well as experimentalas Mechanic35. At variance from

23 Poincarél912b.
24 Poincarél902b. Ontheimportanceof the notion of displacemenbf figuresin
PoincaréseeVuillemin 1973.

25 Poincarél891,in 1902a, p. 76.
26 Poincaé 1902a, p. 152-153.
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Geometrywhich canand mustbe thoughtindependentlyfrom its origin andfrom
experimentthe theoreticalpart of Mechanics,'conventionalmechanics"(that of
generalprinciples), cannotbe separatedrom "experimentalmechanics’ without
mutilation : for "what will remain of conventionalmechanicswhen it will be
isolatedwill amounto verylittle, andwill bein noway comparabldo thatsplendid

systenof tenet[corpsdedoctringd whichwe call Geometry27.

Poincaréwas indeel far from expressingheideathat, with regardto
experimentwe shall neverconsiderGeometry(G) alone, but always Geometry
combinedwith Physicsof bodies(P), i.e. theindissociablgair(G + P) : whatcan

beempiricallytested for Poincaréjs simply physics(P)28. We mustnevertheless
observehat, if it hasbeernpossiblego affordto Poincaréheideaof indissociability
of GeometryandPhysicsin relationwith decisiorfrom experimentit is becausef
his conceptionrelativeto bodiesandto physicalsystems,of the associatiorof the
propertieof spatialquantitieqrelatedwith positionsanddirections,andwhich we
expressaasgeometricapropertiespnd physicalpropertiegroperlyspeakingthose
of states,internal to, and characterizing physical systems, and they include
dynamics).This conceptionlentitself to the aboveinterpretation,but in the very
peculiarway to whichwe areturningnow.

If, for Poincaré Physicsand Geometryhaveno direct relationswhich
would putthemon thesamdevel, becausef theirdifferencein nature,aswe have
seentheirconnexiorcanonly beof definition andof analogy.Analogiesled to the
genesisof Geometryfrom the experienceof physical propertiesof bodies ;
definitionsarethemeanf having Geometryenteringin Physics.

Letusfirst emphasizeagainthe role of definitionsin the associatiorof
spatialand physicalquantities Poincaréobserved,in his writing on "Experiment

and Geometry?® thatif, in Astronomy,we wereto find thatthe paallaxes are
largerthana certainlimit, i.e. light is not propagatingn a straightline, we would
havethe choicebetweer'either to give up euclideanGeometry",either to modify
thelaws of Opticsandadmitthatlight doesnot propagateexactlyin a straightline.
Thestatemenof suchanalternativehasbeenreadasif Geometryand Physicswere

27 1bid.

28 This difference of status between Geometry and Physics in Poincaré's
conception forbids to reduce his conclusion on the impossibility to decide
experimentallyabout Geometry,which is of a logical nature (becauseof the

conventionalcharacterof axioms),to a merefactual question(that of the practical
obstaclesvhich precludetheeliminationof thedistorsionsdueto perturbationspis
Grinbaumdoes(Griinbauml963, ed. 1973, p. 131). Seeabove. Louis Rougier
(whomindeedGrinbauminvokesin favour of his thesis)seemsalsoto modify

Poincaré'sonceptioraboutGeometry,when he estimateghat, for Poincaréonce
conventionhavebeenadopted the factsexpressedby sciencearenecessariljtrue
or false(Rougierl920,p. 200). But, from whatwe havediscussedihis is not the
case, actually, for Poincaré,when this scienceis Geometry.This being said,

conventionsn theothersciencesoexist,in Poincaré'shought,with the notion of

empirical contentand with the possibilty of verification, as Rougier rightly

emphasizes.In physics, Poincaré seemsto conciliate conventionalism and
empiricismaswe saidabove.

29 Poincarél902a, chapterb.
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on thesamelevel in relation with experimentwhen, on the contrary, the choice
whichis givento usis nothingmorethanachoicein the definitions of our physical
concepts.If "Geometryhas nothing to fear from new experiments”,it is not
becausef an‘indissociabilityof GeometryandOptics’, but becauseve arefreeto
use the geometricaldefinition which we want for the path of a light ray when
dealingwith Optics.

Let us now cometo an analogy, which gets at the sametime into
definition,andwhoseconsideratiorby Poincarémight havebeeninfluencial to the
interpretatiorof his conceptionin termsof ‘indissociability’. It is thelink he seems
to estalish betweerGeometryanddynamics,when he givesas an exampleof the
sensorialgenesisof the abstractrepresentatiorof space,the case of a world
consistingof a heatedspherewith a given temperaturedistribution. (The law of
temperaturalistributionthroughthespheras T = R2 - r2, r beingthedistancefrom
the center,R the radiusof the sphere, T the absolutetemperaturethe dilatation
coefficientis proportionalto T, andtherefractionindexvariesas 1/T.) In sucha
world, Geometrywill be ddined asthe study of the displacemenbf solid bodies
thatundergadistorsionsaccordingto the differenceof temperaturgdiffering from
our own definition which, from our experienceof our world, is the study of
invariable solid bodies), and it will be indeed, hyperbolic (lobachevskian)
Geometry.Theinhabitantsof sucha world would maintain,whenbroughtto our
world, their Geometry,and defineaccordinglyin a different way their Physics,
whereasf we wereto cometo theirworld, we would maintaineuclideanGeometry
andconsideiin Physicsthermodynamicathanges.

Weseehow Poincarés concernedin suchan example essentiallyby
thepropertieof physicalspacethatareindissociablyrelatedwith the dynamicsof
bodies,Geometryassuchbeingleft untouchedandkeptwithin the definitions.To
thesedefinitions, it is the formation of our notions,through an elaborationwhich
startedrom commorexperiencewhichwill bedeterminantThetheoryof physical
spaceds Physicsandin no way Geometry(which, aswe remind, is the theory of
thedisplacementsf idealizedbodies).But we canindeedconsiderthatin Physics,
for Poincaréthetheoryof spacgS) is indissociabldrom thetheoryof the physical
propertienf bodies,which in factis Dynamics(D), so thatthecoupleS x D is
indissociableThis meanghatin front of experimentakvidencefor agivenS x D
couple,onewould befreeto chooseeitherto changehe(physical)theoryof space,
either the dynamics.But we seethat, despitethe amalogy of the conclusions
concerningheconventionalityof our choices,one cannotidentify the situationfor
theSx D couplewith theG x P one,for S is notidentified with G (Geometryis
notthetheoryof spacepnd,indeed,S x D belongsentirelyto PhysicsP.

4. ROINCARE'S GEOMETRICAL THOUGHT AND RELATIVISTICMECHANICS.

This last examplecan serve us as a transition to the question of
Poincaré'saipproacho ‘relativistic Mechanicsthroughhis study of "The dynamics
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of the electron®0, which looks at first sight completely independentirom his
considerationsboutGeometry.The concept®f spacgandtime) andtheir relation
to dynamicsareatthecoreof whatwasto becomeRelativity, i.e. the reformulation
of theElectrodynamic®f movingbodies.

We shall not give herea detailedanalysisof the respectivepaths of
PoincaréandEinsteintowardsspecialRelativity, andin particularof their specific
concernswith regardto the conceptsve just mentioned,and we refer to another

work31, Let us only recall the mainfeaturesof their achievementsndattitudesin
thisfield.

Poincaré's and Einstein's respective conceptions about space
(propertiesof distances), time (relativity of simultaneity), and on velocity
(relativistic addition of velocities, the speedof light as a limiting velocity),
concerningthe mathematicafformulation and the physicalinterpretationof these
conceptaswell astheirrelationto dynamicswereat the sametime very closeand
very different.

Very close,becauseothof themcameto exactly the sameformulaeof
transformationwith anidenticalinterpretationasto thetruely physicalcharacterof
the conceptgonsideredn any (inertial) referenceframe(i.e., in the usualcaseof
two framesin relativemotion,theonetakenasat rest, andthe onein motion), and

alsoto thesamerelativistic form of Maxwell equationsandof the Lorentzforces2.
WemustaddalsothatPoincaréhad (evenbeforeEinstein)the ideaof relativity of

simultaneitywhichheanalyzedn 1898and thenin 19043,

But their views werevery different concerningthe theoreticalmeaning
of theseesults,andonly Einsteincanbecreditedof havingdeveloppedtheory of
relativity, wheretheideaof covarianceis basicandfounding. Although the word
wascoinedafterwardsjt summarizesndeedheessentiabf Einstein's1905theory
(and,soto speak,the ‘object’ of this theory): covarianceasthe condition put on
physicalquantitiesso thatthe principle of relativity is obeyed,entails the Lorertz
formulae of transformationthrough a redefinition of spaceand time, and the
covariantform of (electro-)dynamicalaws. Poincaréalso considereccovariance,
but not as the founding concept. It was entailed from Lorentz formulae of
transformationand thesewere a consequencef electrodynamicalpropertiesas
evidenced experimentally (with a particular emphasison Michelson-Morley

experimentatvariancewith Einstein$4. Theconcept®f space,and, separatelyof

30 Title of his 1905 papersimultaneougo Einstein'sone (Poincarél905b andc,
Einstein1905).

31 paty(in press)with referenceso thecurrentlitterature.

32 Lorentzhadnot got fully covariantequationdor electrodynamicsandhad not
the goodvelocity transformationAs for spaceandtime, his view was different :
accordingto him, the transformedquantities were mathematicalfictions, for
examplehis "local time" definedin the moving system.Furthermoretherewas a
privilegedinertial system,the systemrelatedwith ether,at absoluterest. SeePaty
(1987,in pressandto bepublished).

33 Poincarél898a, 1904a.

34 Paty(in press).
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time, weregiventheirrelativistic form throughdynamics.Therewas no relativistic
kinematicsthoughtindependentlfrom dynamicsn Poincaré'sapproactaswell as
in his later thoughts(and the writing of time as an imaginary fourth spatial
componentfirst introducedby him in his 1905 paper,andwhich was to be taken
from him by Minkowski, was to him a purely formal trick to get invariant
guantities).

This ‘dynamical’thoughtof the conceptsof space,time and velocity
explainsin a way the differenceof Poincaré'sapproactfrom Einstein'sreform of
kinematics.One could however arguethat, evenwith a dynamical origin and
nature,time andspacecould be thoughtin a way similar to thatof Relativity in
Einstein'ssenselndeed,this is the caseif we considernot Special,but General
Relativity : Einstein'sredefinitionof time andspacethroughmetricswhenhe took
into accountthe gravitationfield is in continuity with the previousone, which
appearsisaspecialcasewith nofield. Wearethusledto look for anothereasonof
the difference betweenEinstein'sand Poincaré'sresults. Poincaré'sgeometrical
thought,althought bearson a quitedifferentobject,will helpus hereto understand
betterhis physicalthought.

Although, when speakingof PoincarétheG + P andE + D couples
cannotbe identified, as we haveseen,it is possibleto seein his conceptionan
analogybetweerGeometryon one hand,and Physicson the other,whenwe have
to considedifferentpossiblerepresentationtr them.In Physics,we areleft with
newtonianclassicalMechanicson one side, and with relativistic (or, better,in
Poincaré'sterminology, "new" or electromagnetic)Mechanics with its Lorentz
transformedpaceandtime andits peculiarcompositionof velocitieson the other.
If we areto dealwith prodemsof law velocity motions,or of celestialMechanics,
for which classicalMechanicssuffices, we shall be contentwith this description,
whichis thesimplestoneandwhichwe areusedto in our daily world. On the other
hand,if we dealwith electromagetic phenomenagr with high velocity motions,
we shalladoptthe"new Mechanics"But the modificationsentailedby the latter do
notobligeusin anyway to modify our classicalconceptdor the descriptionof our
daily world. Theserepresentationarein no way absolute they are relative. Each
oneis, asa whole, equivalentto the other,aswe canputin correspondencevery
concepbf thefirst to everyconcepibf thesecond Soto speaktheclassicalandthe
"new" Mechanicsarerespectivelywhenwe considethemaccordingto Poincaré's
way of thinking, in a situationsimilar to euclideanGeometrywith respectto non
euclidearones.

When,preciselywe look attheseconceptshemselvesye areled to a
similar conclusionconcerningthe equivalentreferenceframesin relative motions.
Letus maketheanalogyexplicit. Poincar&onceivedherelativity of motionsin the
following manner. insideeachsystemof referencein relative motion, oneis not
consciousof the fact that times, lengths, forces or the various electromagnetic
guantitiesarenotthesameasin theotherframes.But thisdoesnot matter,as every
systemis coherentin itself : physicalquantitieswhich can be measuredare those
guantitiesdefinedin thesystem,andno oneis truerin onesystenthanin theother.

Suchis in particularthe conceptof time, and Poincaréwrote, as soon
as1898,that"we havenot a directintuition of simultaneity,nor of the equality of
two durations".He insisted,in this respect,on the psychologicalanalysisof the
iIdeaof simultaneity,originatedfrom the sensationsve receivefrom events,and
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consideredhatsimultaneitystatementsrereducedo rules that "make statements

on naturallaws the simplerpossible3®. In his 1904 paper, he inquired aboutthe
physicalmeaningof Lorentz'slocal time, and consideredhe synchronisatiorof
distantclocksin a way rathersimilar to Einstein's1905analysid6. He took first
theclocksin relativerest, thenin relativemotion: in thelastcase,did he notice, the
synchronisatiogonditionis differentfrom thatatrest,for motion altersthe interval
of time neededo transmitoptical signals; the new time, determinedby takingthis
into accountgquateso Lorentz'slocaltime. And Poincaréconcludes "Clocks set
upin thisway will notshow any morethetruetime, theywill show whatwe may
call local time, so thatoneof themwill lag behindthe other. But it mattersvery
little, becausewe shall haveno meango be conscientof it. All phenomenavhich
will occurin A, for examplewill lag behind,but all with the samerate, and the
observerwill not notice it, becauséis watchis laggingbehindtoo; so that, as
requiredoy theprinciple of relativity, therewill benoway to know whetherhe is at
restor in motion's?.

From this we seeclearly that, besidesthe dynamical origin of time
consideredh agivenphysical system lies a specific conceptionof what "relative”
(time, andsystem)is. It mustbe addedthatthe principle of relativity for physical
laws is taken,by Poincaré,in a similar meaningas for space(the relativity of
space)Thereis no absolutenotion(or time, or space)n thesameway, andfor the
samereason,as thereis no absoluteposition and directior?8. Furthermore,the
genesiof the conceptof space(from compensationsf motionsby our body and
musclesto external motions) implies relativity of motiors®. In the relativity of
systemsandmotions, Poincaréis contentwith the considerationof any of these
systemgakenin itself, asa whole, eachonebeingnot lessand not moretrue than
anyother.He doesnotinsistaboutthepossibility of passingfrom oneto the other,
oncethe generaltransformatiorbetweerthemis set. He considergherelationsof
different physicalquantitiesinside a system(they havethe samestructurein all
systems),and not the relation of a given quantity as takenin different systems

(exceptfor theestablishmenof formulasof transformatior)®, notwithstandinghis
analysisof simultaneity. Theserelative systemsconstitute,so to speak, closed
worlds endowedwvith adequat@ndself-sufficientrepresentations.

Thisview is analogougo his conceptionof GeometriesThe structure
of physicalquantitiesn agivensystemis thoughtin the sameway asthe structure
of geometricatonceptsn agivenGeometry And the sameis true for the concepts
of newtonianMechanicspr for thoseof the "new Mechanics"Poincaréis aware
that, if we wish to considertogetherMechanicsand Electromagnetismpne must
performcorrectionson thequantitiesof thefirst one.But thisdoesnot entail,in his
view, ageneramodificationof the laws andconceptsandthoseof Mechanicsare
still validin its domain.If hethoughtso, it well probablyis becausdie considered

35 Poincarél898a.

36 Poincarél904a.

37 Poincarél904a(my emphasisM.P.).

38 Poincarél902a, chapters, p. 98-99,andchapter7, p. 129.
39 Poincarél895,in 1902a, p. 83.

40 If one daressay, this transformationis conceivedas a translation,in the
linguistic sensemorethandescribinga motion.
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theseconceptslwaysthroughthemediationof dynamicallaws: he did not admita
representationf physicalconceptsndependentrom dynamics,or transcendento
it.

This structural identity of his argumentationabout the conceptsin
Mechanics(and in partcular space-timeconcepts)and about world geometries
looksobviousif we compareheformulationshegivesindependentlyor eachcase.
But Poincaréimselfgaveanindicationin favour of sucha comparisonwhenhe
consideredn an equalfooting, in the chapteron "Classical Mechanics"in La
scienceet I'nypothese relativity of space,of time, of simultaneityandthe variety
of possible Geometries.He said that notwithstanding relativity of time one
continuesby conventionto speakof absolutetime, ard that Geometrybeing a
conventionof languageand letting us freeto takeit euclideanor non euclideanas

well, we neverthelessonsideiit, provisionally, aseuclideaf?.

In fact, thetrue key to Poincaré'shoughtof relativistic Mechanicscan
befoundin theidentity of thesituationsoneobservesin his descriptionspbetween,
on theone hand, in Physics,a systemwherevelocity is given by its relativistic
formula (and not any more by galilean addition) and, on the other hand, in
Geometrythe dynamical world representedby a heatedsphere.In both caes,the
structureis givenby a hyperbolicrelation.Consideredrom the physicalpoint of
view, this structures suchthatits fundamentafuantity hasa limiting value.In the
caseof relativistic dynamics,this limiting valueis the constanwelocity of light, c,
related precisely,to therelativistic law of compositionof velocities(in Poincaré's
1905work, it was a consequencef the formula, whereasin Einstein'sone the
constancyof c¢ entailsthe formula). For the dynamicalheatedworld, the law of
transformatiorfor thelengths(dilatation)is characterizedy the limiting value of
thefundamentatjuantity,i. e.theabsolutezeroof temperature.

The law of relativistic velocities on one side, the law of changein
temperaturgand of lengths)with distanceon the other, are formally analogous.
Theinhabitantsof theworld with a hyperbolicGeometryarenot conscioughatthe
laws of theirworld differ from our world, becausedheir knowledgeof distances
(consideregieometrically)is dependingn the dynamicallaw which governsthese
distances.This situation can be transposedvithout difficulty to the ‘space of
relativistic velocities’.Herealsoit is dynamics(through Lorentz'slocal time and
transformatiorformulaswhich, to Poincarépriginatein dynamics}hatdictatesthe
law of transformationof velocities.But the laws as describedby the relativistic
composition of velocities are not fundamentally different from the laws as
expresseavith galileanaddition,in anewtoniarworld wheretheconstant is taken
infinite. (And we nowadaysknow, indeed,thatthis is dueto the fact thatsucha
simple operationas a changeof variable,velocity v into rapidity y, suchthaty =
sinh v/c, reestalibhesfor the new variable, rapidity, a law of addition : the
compositionlaw for velocitiesv andw, (v + w)/(1 + vw/), reads,for the
corresponding andz rapidities)y + z). In bothcasesve arefacinga world which
exhibitsunusualaws, butwhich is strictly equivalentto theworld of our ordinary
representationeuclideanfor the caseof Geometry,newtonianfor the case of
Relativity), andwhichis translatablento thelatter.

41 Poincarél902a, chapter6, p. 112.
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Having donethe comparisorjust sketchecanddrawn our conclusion,
entailedby this comparison,of an identity of structure,in Poincaré'sthought,
betweertheproblemof relativistic representationandthatof Geometriesye find
a justification of it written in Poincaré'sown ink. He wrote, in 1904, after
consideringhe peculiaritiesof electromagnetidynamics "From all theseresults,
if they were to be confirmed, an entirely new Mechanicswould emerge,which
would be essentiallycharacterizedy the fact that no velocity could overpasshe
velocity of light, in thesameway as no temperatureouldfall beneaththe absolute
zeroof temperatureFor an observerthat would be drifted along a translation he
would notbeawareof, no velocity couldaswell overpasshevelocity of light ; and
thiswould beacontradiction if onedid not remembeitthatthis observemwould not
usethe sameclocksasan observerat rest, but indeedclocks showing the ‘local

time™'42,

Clearly, temperaturdaw and velocity law are put in parallel,and the
dynamicalcharacterof thefirst suggets a similar characterizatiorfor the second.
Thefirst underlinedexpressionetus see,hereagain,thatPoincards concernedyy
theindependencef the descriptionf eachreferenceframewith inertial motion.
Everyobserverdealswith his own spaceandtime (and physicallaws relatedto
them), in his own system, and nothing more. According to the principle of
relativity, thereis, for sure,no physicalmeando decidewhetherthis systemis in
motion.But thiswould not (andactually doesnot, evenfor Poincaré) forbid him
to communicatevith anothersystemhavinga different motion (for this is, indeed,
the paperof transformationlaws themselves)As for the word "contradiction”,
which | underlinedtoo, its useby Poincaréo characterizea situaion where both
themotionof translationandthe velocity of light areat sake,showshow closehe
was to the problemon which Einstein, for his own part, insistedin his 1905
Relativity paper,namelythedifficulty to reconcilethe principle of relativity andthe

principle of theconstancyf thevelocity of light43.

Whenreadingthis excerpt,we haveonly to rememberhis 1895 article
on "Spaceand geometry",to getinto the analogybetweenthe thermodynamical
world andtheworld (or system)of relativistic velocities.Indeed,the heatedworld
Is a‘relativisticworld’ in thefollowing sense if, in the descriptionof this world,
one replacesabsolutetemperaturgwhich variesfrom 0 to infinity) by velocity
(which variesfrom c to 0), oneobtainsa spacg(in facta space-timewith a four-
coordinater) wherelengthsdo contract(andtime is determinedaslocal time) asa
functionof thevalueof thevelocity consideredWe seehow thesetwo independent
situationsaresimilar. This sheddight on Poincaré'shoughtaboutRelativity : it is
structureddenticallyto his thoughtof Geometry.

Let us summarizeOn the onehand,for Poincaré time and distances
consideredindependentlyeach on its side, are made physical trough their
implication in dynamics; the link they are keepingbetweenthemis mediated
throughthelink thateachoneis keepingwith dynamics.This is the reasonwhy
Poincaréhoughtthemseparatelyasin their classicalacceptionso thattheredoes
not existsucha thing asa ‘Poincaré'space-time’,althoughit was Poincaréwho
introduced the symbolization of time as the fourth spatial dimension, which

42 Poincarél9044a, in Poincarél905a, p. 138-139 Emphasiss mine.
43 SeePaty(in press).
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Minkowski was to systematizeafter him?4. Eachdefinition of spaceandtime is
relativeto a self-consistentlynamicalrepresentatiorike aworld representation.

On the other hand, the modification undergoneby Mechanics,and
particularlyby thesespatialandtemporalquantitiesjs analogouso the necessityof
considering,besideeuclideanGeometry,non euclideanones. It correspondgo
introducinga new representationvhich is effectivefor electromagnetiphenomena
and for high velocity motions, but free from any claim to be universal. In
Poincaré'view, varioustheoreticarepresentationsiaycoexistin Physics,andfor
eachclassof phenomenaone is bound to choosethe simplest and the most
convenienbne.Furthermorethepropertieof spaceandtime,in so far astheyare
physicalquantitiesarenotobjectsof Geometry,but of Physics,andareespecially
relatedwith dynamics.

Although Poincaré'swork in Physicswas the work of a theoretical
physicist properly speaking(in contradistinctionwith physico- mathematician,
whoseinterestis essentiallyformalization),andnotwithstandingpur lastremark,on
thedissociationof physicalspaceand Geometry,we cantentatively concludethis
analysisby saying, without exaggerationthathis interpretationof time and space
of Relativity wasgovernedy his thoughtof Geometry.

5. AN INTERPRETATION OFEINSTEIN'S EVOLUTION CONCERNING THE RELATION
BETWEENGEOMETRY AND PHYSICS.

We arethus left with the last problemwe wantedto consider: the
comparisonof Einstein's thought about the relations between Geometry and
Physics,andbetweerspaceand dynamics,beforeandafterthe generalTheoryof
Relativity.

The last step of Einstein's path towards the General Theory of
Relativity hasbeenwhen he realizedthatit would be impossibleto generalizethe
principle of relativity from inertial to acceleratednotionsunlessonedropseuclidean
Geometry,and, with it, a direct physicalmeaningattributedto coordinatesin a
referenceframe. This ideacameto him from a meditationof the problemof the
behaviouof rigid bodiesandrodsunderLorentzcontractiorwhen circular motions
areconsidered.

44 He actually expresedit throughtheinvariant s2 = x2+ y2 + z2- t2, wherehe
choosdheunitiessuchasc = 1 (Poincarél905b, p. 146). In thelastpartof his
1905 paper,devotedto gravitation,he wrote explicity x = t V-1, and spoke of
"four dimensionspace",statng that"Lorentz transformations nothingelsethana
rotation of thatspacearoundthe origin” (ibid, p. 168). Let us recall that we also
owe to Poincaré&hefirst formulation of the methodof the searchfor invariantsof
the Lorentz group, in order to obtain restrictionson the possibleforms of an
interaction(gravitationin thiscasebid.).
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Ehrenfest'parado#® hadshownthatrigidity cannotbe maintainedin
theusualsense as a rotating body, which would be rigid in its own systemof
referenceasadvocatedy Max Borrn*6, oughtto be deformedwhen seenfrom the
systemtakenat rest, dueto the fact that Lorentz contractionactstangentiallyand
doesnotactradially. Suchadeformationoughtto be the effect of physicalforces,

asshownby MaxPlanckandMaxvon Laué’ : accelerateanotion would resultin

a deformationof the body, which would not be any more rigid, but at least
elastically deformable,or eventually worn into pieces. At that stage, such a
dynamicalpropertyof rotating bodiesentailed,consideredrom Einstein'spoint of

view?8, theimpossibility of ageneralisatiomf therelativity principle to all kinds of

motions,includingaccelerations.

Einstein got his solution when he came to consider that relative
acceleratednotionsrequire"anotherdefinition of the physicalmeaningof lengths
andtimes".In his 1916article on GeneralRelativity*®, Einsteinevokesthe caseof
a rotating disk, and gives an interpretationof the difference of the tangential
contractionandradialinvariancein termsnot of dynamicalpropertiesof the ‘rigid’
body (whichhadbeerntheway Born consideedit), butof geometricalpropertiesof
the reference space (when seen from the system at rest, the ratio

circumference/diametefor the rotating disk was lessthan ). Thesegeometrical
propertieof thereferencédramewerenot for all thatlessphysial. Sucha shift in
thedescriptionof the problem(which he repeatedn all his furtherwritings on the
subject)is meaningful.For Einstein overcamethe difficulty he metto extendthe
principle of relativity to acceleratedmotions by pointing out what he called a
“limitation of the conceptof rigid rods (andclocks)", throughthe useof gaussian
coordinatedor the descriptionof the space-timecontinuum.In gravitation fields
theredo notexistsuchthingsas"rigid bodieshavingeuclideanproperties'and we
arecompelledto usenonrigid bodiesof reference.

If heexpressetheproblemin suchterms,i. e. in termsof a critique of
euclideanGeometry andnotin termsof adynamicalstructure,it is becausde had
previouslya strong and definite ideaof the physical meaningof distancesand
durations),which hein factadquiredalreadywhen he definedtheseconceptdor
Special Relativity?. This conception which he did put in practice in his
consideration®n the transformationsof referenceframesin motion, madeitself
explicit with referenceéo Geometrythereafterin his furtherdescriptionof Special
Relativity he thenwould alwaysgive at the startdefinitionsreferredto Geometry,
anduseto retrospectivelyeadSpecialRelativity in suchaway. In his first book of
popularization,publishedalready in 1917, The Special and General Theory of

45Ehrenfest 1908, 1909, following considerationsabout the truely physical
characteof Lorentz contraction Ehrenfestl907, Einstein1907. SeeKlein 1970,
Pais1981, Stachell 980, Dieks1990.

46 Born1909,1910,1911.

47 Planck1910,von Laiie1911;theproblemis evokedalsoin Einstein1911.
48 As heexplainedt in his retrospectiveaccounts.

49 Einstein1916. SeealsoEinstein1917,1921a.

50 Einstein 1905. See our more detailed work on this and other Einstein's
achievementsPaty(in press).
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Relativityl, the first chapteris entitled, precisely, "The physical content of
geometricalstatements”In otherimportantworks he would further develophis
analysesof what appearsto be, precisely, the relationship of Geometryand

Physicswhichwe havesumarizeeforé2,

Clearly, Einstein's notion of "physical Geometry"is inherited from

Helmholtzwho coinedthetern®3. But, this concept,suchas he mac it explicit

with GeneraRelativity, is directly inspiredalsoby Riemannwhoseconceptionof

Geometryappealedlirectly to Physics: it is thelastonethatprovidesthe metrics,
i.e. the proper Geometryfor physical space,as Geometryhas become,with

Riemann the"scienceof space",andno morethe"scienceof figuresin space"it

was before4. Interestingly enough, when Einstein explains the relation of

Geometrywith the spatial propertiesof bodies, he generally prefersto use the
expression'practicd Geometry"ratherthan"physical Geometry". His "practical

Geometry'is in factthe sameas Helmholtz's"physicalGeometry"”,beingdefined
from purelymathematicaGeometryaxiomaticGeometry for Einstein)by "adding
to it", or "completing it with", relations of coordinationthat relate geometrical
guantities(suchas, for example distance)to correspondingjuantitiesconsidered
for "practically rigid" bodies. "Practical Geometry"is applicable to the spatial
considerationsf bothRelativities,the Special andtheGenerabnes.Perhapsn his

view the use of the expression"Physical Geometry"would better describethe

theoryof physicalspacen theGenerallheory,aswe aretherein a situationcloser
to Riemann's conception,with a deeperconnection between Geometry and

Physics.Anyway, Einsteindid not stateit ; and we shall content ourselvesin

observinghatthis "practical”concerrresultsin definingatheoryof anabstractand

simplified object("spaceof reference").

The conceptof "body of reference"is pregnantin Einstein'sthought
throughall his path since Special Relativity up to GeneralRelativity. Even his
emphasi®ninertia,whenhedefinedthe relativity principle, expressesothingbut

a propertyof the systemsof referencethat are admissibl€5. (On the contrary,
Poincaré&id not restrictso clearly his statement®n the "principle of relativity" to
inertial systemstherestrictionbeingalwaysconsidereé practicalone, an effect of

anapproximatiof®). It thusappearshatGeomaty, aseuclideanGeometry,wasin
factimplicatedright atthe beginningin Einstein'swork, sincethe considerations
aboutrods andclocksof Einstein's1905 paper,in thetermsof an embeddingof
Geometry(thatof bodiesof referencepndPhysics.

When he justifies, for instancein his 1921 Princetonlectures, the
abstractonstructiorof four-dimensionaspace-timekinsteinarguesthatthe three-
dimensionakuclidearspaceof pre-relativisticphysicswas theresultof anabstract
elaboration as well, referring to Poincaré'sconsiderationsin La science et

51 Einstein1917.
52 Einstein1921a, b, 1926,1949c, 1954, etc.
53 Helmholtz1868,1870.

54 This suggestiveoppositionof thetwo objectsof Geometryhas beenproposed
by Ch. Houzel(Houzel1989aandb). SeealsoBoi (1989).

55 Einstein1917,chapterd.

56 Seefor instancePoincarél912a.
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I'nypotheseon the foundationsof Geometryfrom the study of displacement®of

bodiesbasedon our own body'sexperienceAt variancewith Poincaré Einstein
expresseghis constructionof our geometrial notionsin termsof a "spaceof

reference"whichis anabstractiorconstructedrom bodies.Sucha conceptabsent
in Poincaréwho usedto speakonly of the motionsof bodies(be themidealized),
Is a kind of an intermediatebetweenthe purely abstrat spaceof mathematical
Geometryand material bodieswhich are the objectsof our experiencelt is this

"spaceof reference'thatdeterminespractical or physicalGeometryas the theory
ofthat space Let us note that, from this point of view, it correspods to a
riemanniarconceptiorof Geometryastheoryof spacewhichHelmholtzaswell as
Poincardlid notshare eachonefor differentreasons.

We are ableto seethat Einstein'sown elaborationof theseconcepts
(spaceof reference practical or physical Geometry, is a genuineone which
borrowselementdrom RiemannHelmholtzand Poincaré andis not an alinement
on Poincaré'gphilosophyof Geometry.Furthermore this elaborationshows its
ability to integratethe conceptionson space,and implicitly on Geometry,that
Einstein did put in practice before his GeneralRelativity, and which indeed
conditionedalreadythe SpecialTheoryandhis particularapproactto the problem
of the physicalmeaningof space(and time) coordinatesThus, his separationof
kinematicsfrom dynamicsin the Special Relativity appearsas a simplification
whichwaslegitimatedby thepurposehehadin mindatthattime,andwhich canbe
describedas an approachto the theory conceivedas determinedstrictly by the
consideratiorof its object.(Thistype of approachbeingcharacteristiof Einstein's
‘scientificstyle’.) And we recall thatthis objectwas, to summarize covariancein
the senseof inertial transformations,and in no way dynamical properties of
physicalsystems(what it was for Poincar&’. Whenthe object aimed at will be
changedi.e. when covariancewill be takenin the generalsenseandthe problem
will show itself to be of a dynamicalnature,this simplification will not be held
anymore.We cannothelpto makethe diagnosisof a deepcontinuity in Einstein's
pathandthoughtin the field of Relativity and concerningGeometry,despitethe
strongdifferencesnvhich we recalledatthebeginning.

It thus appeardrom the comparativeexaminationof Poincaré'sand
Einstein'scontributionsto the SpecialTheoryof Relativity, that, for both of them,
their respective ways towards Relativity was strongly influenced by their
conceptionsconcerning the relation between Mathematics, and in particular
Geometry, and Physics. But although Poincaré thought Physics with his
geometer'smind, EinsteinthoughtGeometrytroughits usein buiding Physics,a
view thathewould maintainandrefineafterward.

57 Paty(in press).
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